The nonlinear magneto-optical response of s-and d-wave superconductors is discussed. We carry out the symmetry analysis of the nonlinear magnetooptical susceptibility in the superconducting state. Due to the surface sensitivity of the nonlinear optical response for systems with bulk inversion symmetry, we perform a group theoretical classification of the superconducting order parameter close to a surface. For the first time, the mixing of singlet and triplet pairing states induced by spin-orbit coupling is systematically taken into account. We show that the interference of singlet and triplet pairing states leads to an observable contribution of the nonlinear magneto-optical Kerr effect. This effect is not only sensitive to the anisotropy of the gap function but also to the symmetry itself. In view of the current discussion of the order parameter symmetry of High-T c superconductors, results for a tetragonal system with bulk singlet pairing for various pairing symmetries are discussed. 74.25.Gz,74.25.Nf,78.20.Ls 
I. INTRODUCTION
The investigation of the symmetry of the superconducting order parameters is currently one of the most exciting problems in the field of high-T c research. [1] [2] [3] [4] [5] [6] [7] [8] [9] Many experiments suggest that the order parameter is anisotropic. [1] [2] [3] [4] [5] Furthermore, the observation of π phase shifts in corner junctions 6, 8, 9 is consistent with a d x 2 −y 2 symmetry of the gap function, although another experiment 7 favors a more conventional s-wave pairing. On the other hand, the occurrence of a finite tunneling current perpendicular to the planes 10 seems to be incompatible with d-wave symmetry in a simple picture. In view of this debate, it is important to develop alternative experimental techniques which are able to discriminate between the various symmetries of the gap function. In particular, it is interesting to measure the symmetry of the gap function without the necessity of a tunneling contact, which always includes the problems of a residual magnetic field, trapped flux in the tunneling circuit, or singularities in the supercurrent flow at the corner 11 .
On the other hand, optical second harmonic generation has widely been used as a probe for two dimensional optical, electronic and structural properties at various interfaces such as solid-vacuum, solid-gas, solid-solid, solid-liquid, or liquid-gas 12, 13 . Recently, the nonlinear magneto-optical Kerr-effect has become a new nonlinear optical method for the investigation of low-dimensional magnetic structures [14] [15] [16] . This effect is interface sensitive within the electric dipole-approximation and directly probes, unlike methods based on Raman scattering, low-energy magnetic excitations (∼ meV) using optical interband transitions (∼ eV). In contrast to linear optical techniques, the nonlinear magneto-optical Kerr effect yields an excellent signal to noise ratio, since it is free of linear nonmagnetic background radiation. This advantage manifests itself both in the large magnetic intensity contrast upon magnetization inversion,
I(M) − I(−M) I(M) + I(−M)
of about 40 % for Fe surfaces 17, 18 compared to a linear effect of typically 0.1 % and in a giant nonlinear Kerr rotation φ
K which, depending on the chosen Kerr-configuration, can be tuned up to 90
• nearly at will [19] [20] [21] . This corresponds to an enhancement by 2 -3 orders of magnitude compared to the usual linear Kerr rotation, which is even reduced in thin films. Thus, it allows for the determination of the magnetic interface symmetry, including the magnetic "easy axis" 22 .
It is well-known that the symmetry of the nonlinear optical susceptibility is strongly affected by a magnetization or an external applied magnetic field.
14 Thus it is of considerable interest to extend the symmetry analysis of the nonlinear magneto-optical response to the superconducting state for different symmetries of the superconducting order parameter.
Therefore, we propose in this paper a new theory for the nonlinear optical response of a superconductor in the presence of a magnetic field, which is able to distinguish between certain symmetries of the gap function and might stimulate corresponding experiments. In the following, we present our theory and show that indeed a symmetry dependent contribution to the magneto-optical response without tunneling contact results in optical second harmonic generation. Although it is, due to the gauge invariance, impossible to measure the phase of the superconducting order parameter without tunneling contact, it is still possible to measure its symmetry, not solely its magnitude. This results from the interference of different pairing amplitudes in the dipole matrix elements of the three transitions in nonlinear optics.
Due to the surface sensitivity of nonlinear optics for systems with bulk inversion symmetry, one can take advantage of the broken inversion symmetry at the surface. This is of interest, because Cooper pairing, together with the always present spin-orbit coupling, is then no more purely singlet-or triplet-like. The interference of the singlet and triplet pairing states, which is linear in spin-orbit interaction, leads to the symmetry sensitive contribution of the nonlinear optical response for systems in an external magnetic field. Note that the possible importance of mixed singlet and triplet pairing states at the interface of a tunneling contact between a heavy fermion and a conventional superconductor has already been discussed by Fenton 23 . In order to obtain a more systematic insight into these phenomena, we perform the description of a superconductor at the surface of a bulk inversion symmetric system, including spin-orbit interaction and give a group-theoretical classification of the irreducible representations of the gap function. This is of importance for a detailed calculation of the tensor elements of the nonlinear optical susceptibility which is performed in the second part of the theory. Finally, we present our results concerning the symmetry dependence of the corresponding experiment and discuss in detail the differences of the line shapes of the optical spectra. We find that it is possible to discriminate between an isotropic s-wave, a s x 2 +y 2 -or d x 2 −y 2 -wave and a d xy -wave. However, no symmetry dependent differences between the s x 2 +y 2 -and the d x 2 −y 2 -waves occur, which are actually the most discussed symmetries of the high-T c systems. Nevertheless nonlinear magneto-optics is shown to be an alternative and complementary method to gain insight into the symmetry of the superconducting gap function.
II. THEORY
The strategy of this section is to calculate the effects of s-and d-wave superconductivity on the nonlinear optical susceptibility tensor χ (2) , which are due to (a) the modification of the bandstructure and thus the resonance denominators and (b) due to the symmetry of the superconducting order-parameter affecting the wave functions of the optical electricdipole transition matrix elements. Thus, we proceed as follows: (i) First we set up the superconducting BCS-type Hamiltonian and perform its group theoretical analysis. In order to obtain the desired sensitivity of nonlinear optics to the symmetry of the gap function this requires, as it will turn out, the simultaneous absence of inversion symmetry, presence of an external magnetic field breaking time reversal, and spin-orbit interaction coupling singlet and triplet pairs.
(ii) Making use of this symmetry classification and the mentioned constraints we then calculate the nonlinear magneto-optical response in s-and d-wave superconductors from the appropriate current-current-current correlation function and propose a suitable experimental geometry for the observation of this new nonlinear magneto-optical effect in superconductors.
In our theory for the nonlinear magneto-optical response of unconventional superconduc-tors, the superconducting state is described within the BCS theory
Hamiltonian with arbitrary pairing symmetry and in a magnetic field h is given by
with the four-component Nambu spinor Ψ kµ = (c kµ↑ , c kµ↓ , c † −kµ↑ , c † −kµ↓ ). Here, c † kµσ is the creation operator of an electron with momentum k, band index µ and spin σ. The (4 × 4) matrix H kµ can be expressed in terms of (2 × 2) block matrices:
The block matrices are expanded in terms of the unit matrixσ o and the vector of the Pauli matricesˆ σ. This notation is close to that of Sigrist and Ueda 25 . The symmetry of the superconducting order parameter is characterized by the gap function ∆ σσ ′ ;kµ = c kσµ c −kσ ′ µ .
We neglect any diamagnetic, i.e. Meissner effect of the magnetic field, but assume a large penetration depth at the surface and no influence of the vortex structure to the optical spectrum. This seems to be reasonable at least for the excitations in the interband regime discussed in this paper. ∆ σσ ′ ;kµ is decomposed in the usual way in singlet states (∆ 
The symmetry of ∆ o kµ and d kµ with respect to the transition from k to −k is a direct consequence of the Pauli principle. Since we consider the states at a surface, k refers to the two dimensional in-plane momentum.
Below the transition temperature T c , the symmetry of a system is reduced compared to the high temperature phase. The symmetry group G of the high temperature phase is determined by the symmetry operations which keep the Hamiltonian for∆ k = 0 invariant.
We consider a system which is for h = 0 invariant with respect to the group
where g, K and U(1) are the point group, time reversal operation and the gauge group of multiplication of electron creation operator by an arbitrary phase, respectively. [25] [26] [27] [28] [29] [30] . In the ordinary case the normal-state gauge symmetry is broken at the superconducting phase transition, i.e. the residual symmetry group is g × K. This is called a conventional superconductor. In unconventional superconductors however, the symmetry is lower than g × K.
At 
Here, D
R is the representation of R ∈ G which transforms the coordinates. If one considers the transformation of a Pauli spinor with respect to a combination R = R o C i of the inversion operation C i and a rotation R o , only the rotational part has to be applied to the spinor, i.e.
the representation of R in spin space is D
Ro . Consequently, for the vector in spin space d k , the representationD
Ro , where the inversion operation is replaced by the identical transformation, has to be applied. Therefore, one finds in the bulk of a system with inversion symmetry: If one neglects the spin orbit coupling, the spin and orbital degrees of freedom transform separately and the singlet and triplet pairing states decouple again. Therefore, for a bulk singlet superconductor, the simultaneously occurring triplet part at the surface is of the order of the spin-orbit interaction, and vice versa. In heavy fermion systems the spin-orbit interaction is large, but even in transition metals one expects this quantity to be of the order of 50 meV which, although being smaller, has nevertheless dramatic consequences such as the reorientation of the magnetic easy axis in thin ferromagnetic films upon the increase of the film thickness or the rise of the temperature. Finally, we expect the spin-orbit induced triplet part to be observable if one considers a surface sensitive experiment such as second harmonic generation.
Based on these group theoretical classifications, we calculate now the nonlinear magnetooptical susceptibility tensor of a superconductor and focus on the interference of the simultaneously occurring singlet and triplet part of the gap function. The optical response in second harmonic generation can be obtained from the nonlinear current-current-current correlation function:
where f (ǫ) is the Fermi function and the spectral function I αβγ (q, ǫ, ǫ ′ , ǫ ′′ ) is given by
J qα is the α-th component of the current operator
and
is the density of states matrix with Hamiltonian H of Eq. 2.
The trace has to be performed with respect to all single particle states, i.e. the momentum (k), band (µ, ν), spin (σ) and Nambu degrees of freedom. In the following, we consider only interband transitions µ = ν, and the limit of the dipole approximation q → 0 can be performed without special care for plasmonic excitations.
The evaluation of the trace of Eq. 7 is straightforward with the knowledge of the unitary transformation U kµ , which diagonalizes H and ̺(ǫ). In the following we discuss U kµ for a bulk singlet superconductor in the limit of weak spin-orbit interaction λ s.o. and weak external field because the phase sensitive contributions of the optical response vanish if either λ s.o.
or the magnetic field is zero. For weak external magnetic field, the eigenvalues are given by
where
h is the absolute mangnitude of h and tr denotes the trace in spin space.∆ kµ belongs to one of the irreducible representations of table I. Analogously, the unitary transformation is given by
where U 
andv
Similar to the gap function in Eq. 3, these (2 × 2) matrices are expanded in Pauli matrices, leading to a singlet part v o kµ and triplet part v kµ ofv kµ . The transformation U h kµ is determined by a rotation in spin space
with rotation axis e a = −( e z × e h )/| e z × e h | and angle cos(2a) = e z · e h ( a = a e a ). e h is the unit vector in the direction of h. Using this transformation, we can diagonalize the Hamiltonian leading to the quasiparticle spinor
Here the components of Φ kµ are the destruction operators of the eigenstates with eigenvalues given in Eq.( 9).
In order to express the current operator in terms of the Nambu spinors, we have to consider the behavior of the matrix element j kµν under the simultaneous transformation k → −k and (µ, ν) → (ν, µ):
Although the phase factors p µν k depend on the choice of the phase of the Wannier functions, all observable quantities like χ αβγ (q, ω) are independent of this choice. Now, the current operator can be expressed in terms of the Nambu spinors:
and we find for the nonlinear spectral function of Eq. ( 7):
Here, M µν k and ̺ ν k (ǫ) are (4 × 4) matrices in Nambu and spin space, whereby
results from the transformation of Eq. ( 18) 
is the zero field susceptibility tensor in second harmonic generation within the superconducting state which gives already a contribution without spin-orbit interaction. The nonvanishing tensor elements for χ 
which depends on the superconducting gap function not only through its magnitude but also through ∆ o k itselfe. Due to the additional triplet part however, the result is still gauge invariant. The function F (k, ω) correspond to the G 1(2) (k, ω) for χ 
III. RESULTS
In this section we discuss the numerical results obtained for the tensor elements χ For the conventional SHG, we find a line shape similar to the real part of a Lorentzian, which is typical for a three level system discussed in this paper. More interestingly, the fine structure of the peak, shown in the inset of Fig. 1(a) clearly shows the energy scale of the superconducting gap. Comparing this behavior with the Kerr signal ω 2 Imχ
yzz (ω) of Fig. 1(b) , one finds that the interference of the singlet and triplet pairing states leads to a line shape with several pronounced zeros and with a fine structure that yields, besides the energy scale of the superconducting gap, also excitations which result from the magnetic field splitting. In all our calculations, this line shape was exclusively observed for an isotropic s-wave and can be considered as a fingerprint of this symmetry.
In Figs. 2 and 3 , the corresponding results for the anisotropic s-wave and the d x 2 −y 2 -wave are shown. Although the result for the conventional SHG is similar to that of the isotropic s-wave, a totally different line shape of the Kerr signal results. This is due to the symmetry dependent prefactor in χ (h) yzz (ω) and can be used to discriminate these two symmetries from the isotropic s-wave. Furthermore the fine-structure of these two symmetries is very different from the isotropic s-wave. Due to the occurrence of nodes in the gap, not only a peak but a whole broad band between 3 eV and 3.01 eV is observable. This range is surprisingly given by twice the superconducting gap magnitude. Unfortunately, there are only slight differences between the two symmetries shown in Fig. 2 and 3 . This is due to the similar k-dependence of the triplet part given in table I. Only the fine structure of the peaks displayed in the insets of Fig. 2 (b) and 3(b) exhibits a clear difference, where the anisotropic s-wave has a clear zero at 3.01 eV which is more or less smeared out for the d x 2 −y 2 wave.
In this context it is of importance to compare these results to the usual nonlinear Kerr effect in the normal state in an external applied field which can be easily estimated using previous results by Pustogowa et al. 31 as
Here, the incident photon energyhω at resonance is 3 eV, while the energy splitting J(h)
caused by the external magnetic field h is 0.5 meV (see above). For this small value of J(h), the formula given in appendix C of the paper by Pustogowa et al. yields a linear dependence. Thus, we find yzz , while keeping the characteristics of the line shapes of the spectra.
In Fig. 4 we finally show our results for the d xy symmetry. Although, this symmetry does not seem to be the most probable candidate for the high-T c materials, it shows most clearly the symmetry dependence of the nonlinear magneto-optical Kerr effect. In contrast to the anisotropic s-wave and the d x 2 −y 2 wave, there occurs a sign change between the magnetic and nonmagnetic optical spectrum. This is observable since the sign of the Kerr spectrum determines the direction of the rotation of the polarization axis, i.e. the Kerr angle. Furthermore, the satellites shown in the inset of Fig. 4 (a) and (b) cover only the range from 3 eV to 3.005 eV, i.e. only one times the gap magnitude.
For the existence of a finite Kerr signal, it is necessary to break time reversal symmetry and to apply an external magnetic field. This enables one to keep any direction of the field fixed and to study the anisotropy of the effects discussed in this paper. However, due to the strong but short-ranged antiferromagnetic correlations it might also be possible to take advantage of the locally broken time-reversal symmetry of the high-T c materials. Since a finite
Kerr signal is expected for certain long-range ordered antiferromagnets 32 , a pump-and-probe experiment (on a time scale faster than the average lifetime of the local spin configurations τ spin ≈ 10 −12 − 10 −13 s) could be able to resolve the influence of the neighboring spins on the site which is excited by the optical excitation. Furthermore, for a practical realization of the experiment, one has to take into account the possible heating effects of the incoming light on the sample, which might lead to a local disappearance of the superconducting state.
In view of the comparable excitation energies of the nonlinear magneto-optical Kerr effect in ferromagnets, we believe that this effect is of minor importance, since for fs laser pulses sample heating is of the order of 10 K and thus negligible. This simple estimate is readily obtained from the comparison of laser heating with ns pulses 33 yielding intensities of 100 MWm −2 and temperature rises of the order of 100 K and typical fs measurements of the nonlinear Kerr-effect 21 which operate at laser powers as low as 100 mW focused on spot diameters of 100 µm.
In conclusion, we presented a theory for the nonlinear magneto-optical response of su- Fig. 1 , but for an anisotropic s x 2 +y 2 wave. Note the difference of the magnetic line shape compared to the isotropic s-wave and the broad fine structure up to two times the magnitude of the gap, shown in the inset. Fig. 1 , but for a d x 2 −y 2 wave. The spectra are very similar to the s x 2 +y 2 wave, which results from the similar k-dependence of the triplet pairing amplitude, given in the table.
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Slight differences occur for the fine structure near 3 eV. 
